Theorem. Let Gbe a group and N a normal subgroup of G such that N is finitely generated, torsion free and nilpotent and G/N is finitely generated free abelian. Then G has a faithful representation p: G -»GL(r, Z) such that p(7V)Cn(Z).
Since every polycyclic group has a subgroup of finite index of this type [2] , [4] , we can take induced representations (cf.
[l], [2] ) and get
Corollary.
Every polycylic group has a faithful representation in GL(m, Z) for some n.
Proof of the Theorem. The theorem is known for the case G= N EL. Thus (a-l)ZHEL so L-\-K is a stable and therefore so are 7i and 7. We can now extend the action of T7 on ZH/J to an action of G by letting a act as a. This clearly preserves the relations aha~l=a(h) which define G in terms of T7 and a. Finally take the direct sum of this representation with a faithful representation of G/T7«Z, e.g., by Z^T2(Z).
This gives the required representation of G. Remark. The case G = N which we took as known above can also be handled directly by the same method. We can again find H<\G, G/H^Z and by induction on the rank of G, we can assume that T7 has a representation of the required type. 
